A quantum mechanical path integral derivation is given of a thermal propagator in non-static Gui spacetime. The thermal nature of the propagator is understood in terms of homotopically non-trivial paths in the configuration space appropriate to tortoise coordinates. The connection to thermal emission from collapsing black holes is discussed.
I. INTRODUCTION
Path integrals can be very intuitive tools with which to tackle certain problems in quantum mechanics [1] . In the context of quantum field theory, a time-ordered two-point correlation function can be expressed as a sum over particle paths in a suitable configuration space. The usefulness of this path integral formalism stems in part from the fact that it incorporates the physically relevant boundary conditions encoding state information, and so one need not face the crucial problem of extracting the adequate solution from the propagator equation [2] . The flip side to this is that a path integral is not complete without a careful specification of the set of paths that must be summed over.
A clear advantage of the path integral formalism is that the dependence on the homotopic properties of the configuration space are explicit. Many physical phenomena, such as the Aharonov-Bohm effect, can be understood to be a consequence of these properties. Often in these cases, it is useful to work with configuration spaces that may have different topologies to that of the true physical space [3] .
For an equilibrium situation, the thermal properties of a propagator are associated via the KMS condition [4] to periodicity in imaginary time. This periodicity may be enforced by expressing a thermal propagator as an infinite sum of non-thermal propagators whose time arguments are shifted as t → t + iν /(kT ) where ν ∈ Z ( and k are the Plank and Boltzmann constants). Formally (up to the factor of i), this kind of expression for a thermal propagator bears a close resemblance to the propagator of a particle moving in a multiply connected configuration space. This relationship has been previously discussed in the context of Euclidean space path integrals (see for example [5] ). The purpose of our work is to provide a further link between these two ideas by showing that the homotopic properties of the configuration space of a particle in curved spacetimes may be regarded as different in a Lorentzian context, in coordinates related by a non-analytic transformation.
We argue that this notion of configuration space topology is closely related to the thermal properties of non-equilibrium spacetimes. We illustrate these ideas by focussing on the thermal properties of a non-static spacetime that can be regarded as a dynamical version of Gui's η − ξ spacetime [6] .
The classic example of the path integral computation of a thermal propagator is that of the Hartle-Hawking propagator for a black hole in Schwarzschild coordinates [7] . Upon Euclideanising the Schwarzschild metric, the condition that the spacetime be free of singularities requires that the time coordinate be periodic. The periodicity leads to a thermal propagator in the obvious way. A similar conclusion can be reached in a variety of other examples after an appropriate definition of Euclidean coordinates, such as Rindler space [5] and the η − ξ spacetime of Gui [6] . In some of these examples, it has been shown that the propagator in Euclidean space can be decomposed according to the winding of paths around a point in the Euclidean section, and that this decomposition relates the thermal propagator to a sum of non-thermal propagators [5, 6] . This decomposition can be understood in terms of homotopy if we redefine the Euclidean configuration space by removing a point.
In this paper we shall apply the path integral formalism to the thermal emission of particles in a toy model that is analogous to a collapsing black-hole spacetime. A collapsing black hole is generally treated by using the equivalence of a post-collapse hole to an eternal hole, with the additional information that the matter fields are in the Unruh vacuum at the past horizon of the eternal hole [8] . By looking at the much simpler example of a non-static Gui spacetime, we directly develop a notion of configuration space topology for different coordinates in the Lorentzian signature metric. We focus on the different homotopic properties of the configuration space of a particle viewed in either Kruskal or tortoise type coordinates in the collapse geometry. We argue that the thermal nature of the non-static Gui spacetime can be seen to follow from the non-trivial topology of the configuration space defined by tortoise coordinates if they are to cover the entire spacetime. We argue that the appropriate propagator for thermal emission is indeed obtained by considering paths that probe this non-trivial topology. This principle is demonstrated by exact calculations.
II. COVARIANT PATH INTEGRALS
A. The configuration space Let us consider the general case of a particle moving freely on a curved spacetime (M, g).
We assume that this may be parametrised entirely with a system of coordinates denoted by q, whose values belong to a connected manifold Q, the configuration space, endowed with the metric g q . A virtual path followed by a particle in M is given in theses coordinates by the function q = q(ω), where ω is the parameter-time. This path is denoted by [q ] . This function is continuous everywhere except maybe at some values of ω, because the coordinates q may not cover M in a continuous way. In a relativistic framework, the particle is allowed to go forward and/or backwards in the time-coordinate q 0 .
We shall be interested in the case where the configuration space Q is multiply connected [9] . Normally, a multiplicity of paths connecting a pair of given points in (M, g) is associated
with the topology of the manifold M. However, since the paths take values in Q, it is possible that similar effects can arise when (M, g) is parametrised in a coordinate system that is related non-analytically to a given coordinate patch of M. We shall see this explicitly below.
When the manifold (Q, g q ) is multiply connected, it is useful to consider its covering space ( Q,gq) [9] . In this case, Q contains many distinct images of any given point of the configuration space. The elements of the set Γ are defined to be isometries which relate these images, so that one has Q = Q/Γ. The images of q ∈ Q will be denoted byq ν ∈ Q, where ν ranges over the elements of Γ. The configuration space is recovered from its connected covering space when all these images are identified. The metricg in Q is defined naturally
Similarly, a path [q ] in Q has different images in Q. These are continuous functions and may be labelled according to the images of the endpoints. The base point in Q of the endpoint q i ∈ Q is defined by the particular image pointq i ≡q In quantum mechanics, the amplitude to move from an initial point q i ∈ Q to a final point q f ∈ Q in a parameter-time s = s f − s i is given by the propagator K q (q i , q f ; s), or heat kernel, in q cordinates. It does not depend on the mass of the particle and satisfies the
where ∇ µ is the covariant derivative. This propagator is related the usual propagator Because it satisfies the Schrödinger equation (1), the propagator K q (q i , q f ; s) can be written as a sum over paths joining the endpoints q i and q f within a parameter time s. In q coordinates, the sum is taken over the paths contained within Q, and is written symbolically
where the covariant action S gq [q ] is given by
This sum over paths is defined below. With this definition, the propagator K The sum over paths (2) is calculated in the covering space Q. It is rewritten as sum over paths in Q by taking into account its multiply connected topology, i.e. by summing over the classes of paths, or equivalently over the imagesq
On the r.h.s. of this equation the sum is taken over paths joining the endpointsq i andq ν f .
It is now natural to define a propagator Kq in Q by the sum over paths
Since the set of paths over which the sum is taken in this definition is formally different from 
which is true in all multiply connected manifolds.
Practically, a sum over paths is calculated from a path integral. One can show that this is given by [10] g′ →q ′′
If the scalar curvature vanishes, the path integral on the r.h.s. of this equation is defined by
where s j = s i + js/N,q j =q(s j ) (j = 0, 1, ..., N), N ∈ N and denotes the absolute value of the determinant. Each integral in the exponential is evaluated along the image-geodesic connectingq j−1 andq j which ensures that the path integral is covariant.
III. A SIMPLE MODEL
A. The non-static Gui spacetime
Let us now introduce a simple dynamical spacetime model that will allow us to perform explicit calculations. This two-dimensional model is defined by the line element [12] 
where 
and by x + (y + I,II ) = y + I,II . These new coordinates are actually Minkowski coordinates since we have
1 The static Gui's metric is defined in four dimensions by ds 2
2 The multiplicative factor in front of the exponential and the additive factor inside of it may in fact be arbitrary. The motivation of the present choice will become clear in subsection III D when the collapsing Schwarzschild black hole will be considered. This means that the spacetime we have defined is made of two causally and classically disconnected copies of Minkowski spacetime glued together. The null line x − = x − H will be called the "horizon".
For this simple model, the configuration spaces X and Y a (a = I, II) in x and y coordinates are given by
and these are isomorphic to their corresponding covering spaces X and Y a , a = I, II.
B. The complex covering space and its topology
The utility of the coordinates y a (a = I, II) introduced in the preceding section stems from the fact that their are Minkowskian. It then seems possible to calculate explicitly the path integral in these coordinates. However, to actually calculate a sum over paths it is necessary to work with a connected configuration space, instead for example of the two sets Y I and Y II , see Eq. (14) . One needs to be able to parametrise a path crossing the "horizon"
with only one set of coordinates.
Since one does not have a real set of Minkowski coordinates to cover both the regions I and II at our disposal, we shall introduce a complex set of Minkowski coordinates denoted by y. These are defined in the covering space by the identifications
where ν ∈ Z, andỹ + I,II =ỹ + . The transformations (10) and (11) may then be written together in a compact form:
The necessity of allowing arbitrary integer values for ν in Eqs. (15) and (16) stems from the fact that one needs to parametrise continuously a path crossing for example several times the "horizon" as shown below. The complex covering space Y is then given by
where A µ = R + i2πµ/κ and B = +∞ + iR. The set B parametrises the "horizon" and the sets µ ∈ Z A µ and µ ∈ Z A µ+1/2 the regions I and II respectively. The space Y is represented in Fig. 2 .
A point y in Y has thus a denumerable infinite number of images in Y. These will be denoted byỹ ν , where ν ∈ Z, and are defined in Eqs. (15) and (16) if the point y is located in the regions I and II respectively. These images are related through an isometry of the
The configuration space Y is obtained by identifying them in such a way that Y = Y/Γ. The resulting manifold is shown in Fig. 3 . Clearly, it is not simply connected. The topology of 
C. Applying the path integral formalism
We now turn to the problem of calculating the propagator from the path integral formalism. This is expressed as a sum over paths in the configuration space X ,
where the metric h x in x coordinates is given in Eq. (9). This expression defines the incoming vacuum in. It is difficult to calculate the sum over paths in this form, because of the presence of the non-trivial metric h x . Our strategy is to transform it to the complex y coordinates covering the entire spacetime, in which the metric is Minkowskian. The relevant connected configuration space to consider is then Y. The interesting physics follows from the non-trivial topology of this configuration space as we show now.
The sum over paths (20) when written as a path integral in the covering space X is badly defined because the metric h x is singular at x − = x − H . The obvious way to define it correctly is to performed the integration overx − using the principal value. This is thus defined by
where the space X * is given by N ∈ N) .
We now perform a change of coordinates in the sum over paths and because the propagator is a biscalar one may write
Since the sum over paths on the r.h.s. is also badly defined when written as a path integral in the covering space Y, we introduce the space Y * by
i.e. we removed the set R × B from Y, and we rewrite the sum over paths in the form 
Since the integrand in the r.h.s. of this last equation does not actually depend on the imaginary value ofỹ − j , we have
where C is an infinite constant, which can be removed by normalising correctly the path integral to take into account the fact that the integration is made over an infinite number of copies of R 2 . The sum over paths becomes then
It has thus been rewritten as a sum of real path integrals, although the final endpoint is complex. It is regularised by performing two Wick rotations in both the parameter-time and the time-coordinate in the standard way [13] . The contribution of the class of paths with winding number ν is the free propagator K 0 inỹ with argumentsỹ i andỹ ν f :
The outgoing vacuum is defined by
. By adding all these propagators, the total propagator is obtained
The propagator therefore represents a right-moving thermal flux of particles with temperature T = κ/(2πk), as can be shown by calculating the component (−−) of the energymomentum tensor from this expression [12] .
D. Relation to the collapsing Schwarzschild black hole
A collapsing Schwarzschild black hole can be modelled by an imploding spherical shell of radiation. If one assumes that the shell is infinitesimally thin as did Synge [14] , the only non-vanishing energy-momentum tensor component in the Kruskal coordinates u is
where M > 0 and u 
where κ = 1/(4M) and u
The collapsing spacetime is represented in Fig. 7 .
The horizon is located at u
U is given by
It is homotopically trivial, i.e. it is isomorphic to its covering space U.
Two new sets of coordinates v I and v II can be defined for u We will be interested in a connected region R defined by u − ≈ u − H and u + ≫ 1. Within this region, there is a subregion which is located far from the black hole and at late times (i.e. r ≫ 2M and t ≫ 1). This subregion is denoted by R. An inertial observer far from the black hole is contained within this region at late times. In R, the line element (32) becomes
and the transformations (36) and (37) are given if u
Under the identifications u ≡ x and v I,II ≡ y I,II , these clearly agree formally with the metric (9) and transformations (10) and (11) 
From this it follows that the complex pointsṽ − andṽ − + i2π/κ represent the same event in spacetime.
Since the configuration space in tortoise coordinates follows directly form the transfor- see that the homotopy of the configuration space V in the v coordinates is analogous to that found above for the y coordinates. The complex configuration space V is given by
where the sets A µ and B are defined after Eq. (18), see Fig. 8 . The topology of the horizon in tortoise complex configuration space is circular, it is given by R × S
coordinates, see Fig. 9 .
Since the configuration space V is invariant under the action of the transformations
From Eq. (6) we obtain furthermore
These expressions are true everywhere. However, contrary to the Gui spacetime, the prop-
is not a free propagator in the present case. The propagator K in v is obviously periodic in the imaginary direction v − ,
We interpret these results as indicating that an exact calculation of the two-point function in the Unruh vacuum for the collapsing black hole should include a sum over paths that probe the non-trivial topology of the tortoise coordinates.
IV. CONCLUSIONS
We have shown that if tortoise type coordinates are extended across an event horizon, this extension can be carried out in a denumerable infinite number of ways, and that this construction may be used to consider a Lorentzian path integral in tortoise coordinates which includes a sum over paths that cross the horizon. Computing such a path integral in the simple case of a non-static version of the Gui spacetime, we find that the propagator given by this choice of paths to sum over is a propagator which is periodic in the null coordinate transverse to the horizon, and whose energy-momentum tensor exhibits a thermal flux. A similar propagator has been obtained in a collapsing black-hole spacetime, and we conjecture that the corresponding propagator defines the Unruh vacuum.
It is interesting to note that while in Kruskal coordinates, the main contribution to the path integral comes from the geodesics joining the two endpoints, in tortoise coordinates, the contributions of paths crossing the horizon must also be considered. In the non-static Gui spacetime, the quantum particle may cross the horizon an arbitrary number of times, even though the regions I and II are classically causally disconnected.
We conclude that the homotopic properties of the configuration space are not an intrinsic feature of a spacetime, but depend on the set of coordinates chosen to cover it, and may be hidden in the complex nature of coordinate relations across horizons. These properties have no physical consequences for the classical motion of a particle. However, in a quantum mechanical framework, a particle may tunnel across a horizon, and the topology of the whole configuration space is then physically relevant. We conjecture that the thermal nature of event horizons can be derived by using the fact that there is a denumerably infinite number of ways for a particle to tunnel through the horizon. These are defined by the winding number of the particle paths around the horizon in the tortoise configuration space.
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